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Biological input values (females) used to compute vital rates and 
population dynamics parameter estimates for blacktip shark in the 

Atlantic Ocean

Parameter Definition Value Unit References

L ∞ Theoretical maximum length 166.23 (2.47) cm FL SEDAR65-DW-02

K Brody growth coefficient 0.16 (0.01) yr-1 SEDAR65-DW-02
t 0 Theoretical age at zero length -2.59 (0.16) yr SEDAR65-DW-02
a Intercept of maturity ogive -12.07 (2.52) dimensionless SEDAR65-DW-01
b Slope of maturity ogive 1.80 (0.35) dimensionless SEDAR65-DW-01
c Scalar coefficient of weight on length 4.630E-06 dimensionless SEDAR65-DW-15
d Power coefficient of weight on length 3.21575 dimensionless SEDAR65-DW-15
w Observed lifespan 18 yr SEDAR65-DW-02

Theoretical lifespan (7 half lives) 31 yr This document
Sex ratio at birth 1:1 dimensionless SEDAR65-DW-02
Reproductive cycle 2 yr Castro 1996

mx Constant litter size 4.09 (SD=0.13) pups per litter SEDAR65-DW-01
e Intercept of maternal age vs. fecundity -0.04078 dimensionless SEDAR65-DW-01
f Slope of maternal age vs. fecundity 0.38445 dimensionless SEDAR65-DW-01
GP Gestation period 11 months Castro 1996

Values in parentheses are SEs. 



Multiple methods used to estimate rmax
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1. Classical Euler-Lotka equation (life table) and Leslie matrix

2. Smith et al. (1998) rebound potentials tweaked by Au et al. (2015) (and  
multiplied by 2 to represent rmax) 

3. Skalski et al. (2008) (=Myers et al. (1997)=“extinction risk”)

4. Eberhardt et al. (1982)

5. Demographic Invariant Method (Niel & Lebreton 2005, Dillingham 2010)



Data requirements/assumptions of different methods
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Survival to
Age at maturity/ Maximum age at maturity/

Method first breeding age Fecundity M first breeding

Euler-Lotka/Leslie matrix Yes Yes Age-dependent Age-dependent Yes
Rebound potential (Au et al. 2009) Yes Yes Constant Constant Yes
Eberhardt et al. (1992) Yes Yes Constant Constant Yes
Skalski et al. (2008) Yes No Constant Constant Yes
DIM Yes No No Constant No



Methods used to estimate M (natural mortality)
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Natural mortality (M) estimated through multiple methods:

1, 2) Jensen (1996) estimators:                                   and 

3) Hoenig new estimator (Then et al. 2015): 

4) Pauly new estimator (Then et al. 2015): 
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Methods used to estimate M (natural mortality)
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5) Chen and Yuan’s (2006)  estimator:

6) Peterson and Wroblewski (1984)  estimator:

0.251.92M W −=

0
ln(0.05)ln( ) 1.46 1.01lnM t

K
 = − − 
 



Population dynamics parameters of interest
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rmax : intrinsic rate of increase (maximum population growth rate in ideal conditions 
after exploitation has ceased)

Generation time : multiple definitions. Will report here  
(mean age of parents of offspring in a stable age distribution)

Net reproductive rate (R0) or unexploited spawners per recruit (φ0) : average 
number of females produced by each female over her lifetime. Is also used to 
compute the maximum lifetime reproductive rate:

Steepness : ranges from 0.2 to 1, uses alpha hat in its computation:
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Population dynamics parameters of interest
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SPRMER : analogous to steepness. Spawning Potential Ratio at Maximum Excess 
Recruitment (the closer to 100% the less exploitation permitted):

R : analogous to SPRMER. It’s the position of the inflection point of population 
growth curves (assumed to be 0.5 in traditional production models): the closer to 
1, the less exploitation permitted

Fertility, juvenile survival, and adult survival elasticity : the proportional 
contribution of these different stages to population growth rate.
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Distributions used to incorporate uncertainty in vital rates for blacktip 
shark in the Monte Carlo simulation using the Leslie matrix

Lifespan: 

Growth parameters:

Maturity ogive:

Natural mortality: 
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Deterministic estimates of rmax for Atlantic blacktip sharks obtained through 
six methods

Lifespan=18 yr Lifespan=31 yr
Euler-Lotka 0.039 (0.25) 0.060 (0.34)
Leslie matrix 0.039 (0.25) 0.060 (0.34)
Au et al. (2016) 0.092 0.092
Eberhardt et al. (1982) 0.058 0.058
Skalski et al. (2008) 0.040 0.057
Neil and Lebreton's (2005) DIM* 0.084 0.084

Mean 0.059 0.069

Values in parentheses are steepness
*DIM=Demographically Invariant Method



Estimates of population dynamics parameters for Atlantic blacktip sharks 
obtained from Monte Carlo simulation of vital rates with

a Leslie matrix approach

Median LCL UCL
rmax 0.042 -0.027 0.085

Generation time 12.5 11.2 20.1
Net reproductive rate (R 0 ) 1.815 0.781 3.307
Age-0 survivorship (S 0 ) 0.84 0.79 0.88
Steepness (h ) 0.28 0.20 0.42
SPRMER 0.81 0.59 1.00
R 0.72 0.61 1.00



Steepness inferred from the other methods

Method r max steepness
Euler-Lotka 0.060 0.34
Leslie matrix
Au et al. (2016) 0.092 0.52
Eberhardt et al. (1982) 0.058 0.33
Skalski et al. (2008) 0.057 0.32
Neil and Lebreton's (2005) DIM* 0.084 0.47

Mean 0.40

Mean steepness from 33 assessments 0.46



Conclusions/Recommendations
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1. Combination of relatively high M0 and low φ0 produces low steepness

2. Productivity and other parameter estimates found here are likely 
underestimates because life history information used is likely not 
representative of ideal conditions 

3. Recommend using a steepness value on the order of 0.40 (mean for 33 
stock assessments from Cortes and Brooks (2018) was 0.46)

4. Potentially use lower and upper values of the range obtained with 
deterministic methods (0.32, 0.52) for low and high productivity scenarios



Additional slides



1. Euler-Lotka equation
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Smith et al.’s density-dependent model

Step 3: The rebound level 
of population increase 
is determined by 
removing F from 
adults

Step 1: Describe the Net 
Reproductive Rate for 
an unfished population 
in terms of survival to 
the average age at 
maturity

Step 2: Determine 
pre-adult survival 
when adults suffer 
total mortality 
Z=F+M=2M at all 
ages above the age 
at maturity



3. Extinction risk

• Originally developed by Myers et al. (1997)
• Subsequently modified by Myers and Mertz (1998) to explicitly incorporate 

level of fishing that could be imposed on a stock before it went extinct
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3. Skalski et al.’s (2008)

• Is identical to the correct Myers et al. (1997) formula
• Does not require an estimate of longevity
• a is age at first reproduction
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4. Eberhardt et al.’s (1982)

• Also assumes constant adult survival and fecundity rates, but includes 
lifespan (w)

1
1( ) 1 0

w aM
ra M r a

a r

ee e e ml
e

− +−
− −

  
 − − − =    



5. Demographic Invariant Method

• Combines an age-based matrix model with an allometric model

• The allometric model is based on relationships between rmax and T and body mass 
(M), such that rmax=arM-0.25 and T= aTM-0.25, which when multiplied yield the 
dimensionless maximum rate of increase per generation or rmaxT=araT=arT.

• Niel & Lebreton (2005) found that arT≈1 for birds and Dillingham et al. (2016) 
recently found that arT≈1 for several vertebrate taxa (birds, mammals, and 
elasmobranchs), thus rmax can be obtained from knowledge of a and S only. 
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6. Leslie Matrix

The fertility term can be expressed in  different ways:

fx=p0mx (reproduction first, then survival: pre-breeding census)

fx=pxmX+1 (survival first, then reproduction: post-breeding census)



The Leslie Matrix: pre-breeding census (fx=p0mx), 
ages 1 to n=max

F1 F2 F3 … Fn-1 Fn

P1 0 0 … 0 0
0 P2 0 … 0 0
0 0 P3 … 0 0
. . . … . .
0 0 0 … Pn-1 0

A =


Tests

				Leslie matrix (A)				(fx=p0mx)																																Alternative Leslie matrix (A)								(fx=pxmx+1)																												Transpose of A																														Alternative Leslie matrix (A)								(fx=lmx)																														Simplified matrix (after Heppell 1998)																												Example from Caswell

																																																																																																																																																																																																				Identity

		0		0		2.114		2.114		2.114		2.114		2.114		2.114		2.114		2.114		2.114		2.114														0		0		3.137		3.137		3.137		3.137		3.137		3.137		3.137		3.137		3.137		3.137		3.137												0		0.475		0		0		0		0		0		0		0		0		0		0		0						0		0		0		5.845		5.845		5.845		5.845		5.845		5.845		5.845		5.845		5.845		5.845																0		0		2.114				3		1		7																0		0.00102		0.08515		0.30574		0.40002		0.28061		0.15260		0.06420		0.01483		0.00089				1		0		0		0		0		0		0		0		0		0

		0.705		0		0		0		0		0		0		0		0		0		0		0														0.475		0		0		0		0		0		0		0		0		0		0		0		0												0		0		0.705		0		0		0		0		0		0		0		0		0		0						0.475		0		0		0		0		0		0		0		0		0		0		0		0																0.705		0		0				-11		4		6																0.99670		0		0		0		0		0		0		0		0		0				0		1		0		0		0		0		0		0		0		0

		0		0.705		0		0		0		0		0		0		0		0		0		0														0		0.705		0		0		0		0		0		0		0		0		0		0		0												3.137		0		0		0.705		0		0		0		0		0		0		0		0		0						0		0.705		0		0		0		0		0		0		0		0		0		0		0																0		0.705		0.705				9		-2		1		0		0		0										0		0.99837		0		0		0		0		0		0		0		0				0		0		1		0		0		0		0		0		0		0

		0		0		0.705		0		0		0		0		0		0		0		0		0														0		0		0.705		0		0		0		0		0		0		0		0		0		0												3.137		0		0		0		0.705		0		0		0		0		0		0		0		0						0		0		0.705		0		0		0		0		0		0		0		0		0		0																														0		0		0										0		0		0.9978		0		0		0		0		0		0		0				0		0		0		1		0		0		0		0		0		0

		0		0		0		0.705		0		0		0		0		0		0		0		0														0		0		0		0.705		0		0		0		0		0		0		0		0		0												3.137		0		0		0		0		0.705		0		0		0		0		0		0		0						0		0		0		0.705		0		0		0		0		0		0		0		0		0																Transpose														0		0		0										0		0		0		0.99672		0		0		0		0		0		0				0		0		0		0		1		0		0		0		0		0

		0		0		0		0		0.705		0		0		0		0		0		0		0														0		0		0		0		0.705		0		0		0		0		0		0		0		0												3.137		0		0		0		0		0		0.705		0		0		0		0		0		0						0		0		0		0		0.705		0		0		0		0		0		0		0		0																0		0.705		0																								0		0		0		0		0.99607		0		0		0		0		0				0		0		0		0		0		1		0		0		0		0

		0		0		0		0		0		0.705		0		0		0		0		0		0														0		0		0		0		0		0.705		0		0		0		0		0		0		0												3.137		0		0		0		0		0		0		0.705		0		0		0		0		0						0		0		0		0		0		0.705		0		0		0		0		0		0		0																0		0		0.705				0		0		0		0		Length		l										0		0		0		0		0		0.99472		0		0		0		0				0		0		0		0		0		0		1		0		0		0

		0		0		0		0		0		0		0.705		0		0		0		0		0														0		0		0		0		0		0		0.705		0		0		0		0		0		0												3.137		0		0		0		0		0		0		0		0.705		0		0		0		0						0		0		0		0		0		0		0.705		0		0		0		0		0		0																2.114		0		0.705				0		0		0		0		0		0										0		0		0		0		0		0		0.9924		0		0		0				0		0		0		0		0		0		0		1		0		0

		0		0		0		0		0		0		0		0.705		0		0		0		0														0		0		0		0		0		0		0		0.705		0		0		0		0		0												3.137		0		0		0		0		0		0		0		0		0.705		0		0		0						0		0		0		0		0		0		0		0.705		0		0		0		0		0																								0		0		0																0		0		0		0		0		0		0		0.98867		0		0				0		0		0		0		0		0		0		0		1		0

		0		0		0		0		0		0		0		0		0.705		0		0		0														0		0		0		0		0		0		0		0		0.705		0		0		0		0												3.137		0		0		0		0		0		0		0		0		0		0.705		0		0						0		0		0		0		0		0		0		0		0.705		0		0		0		0																																												0		0		0		0		0		0		0		0		0.98274		0				0		0		0		0		0		0		0		0		0		1

		0		0		0		0		0		0		0		0		0		0.705		0		0														0		0		0		0		0		0		0		0		0		0.705		0		0		0												3.137		0		0		0		0		0		0		0		0		0		0		0.705		0						0		0		0		0		0		0		0		0		0		0.705		0		0		0																l						Right eigenvector (stable age distribution)								Left eigenvector (reproductive value distribution)																																						A-lI																						%

		0		0		0		0		0		0		0		0		0		0		0.705		0														0		0		0		0		0		0		0		0		0		0		0.705		0		0												3.137		0		0		0		0		0		0		0		0		0		0		0		0.705						0		0		0		0		0		0		0		0		0		0		0.705		0		0																0.0000		0		0		0		0		0.000		0.000		0		0		0																l		right eig		%												0		0		0		0		0		0		0		0		0		0				0		0.0000		1

																																						0		0		0		0		0		0		0		0		0		0		0		0.705		0												3.137		0		0		0		0		0		0		0		0		0		0		0		0						0		0		0		0		0		0		0		0		0		0		0		0.705		0																0.0000		0		0		0		0		0.000		0.000		0		0		0																0.0000		0.0000		0.0000		0.000										0		0		0		0		0		0		0		0		0		0				0		0.0000		0

						right																																																																																																																																										0.0000		0		0.000		0		0		0.000		0.000		0		0		0																		0.0000		0.0000		0.000										0		0		0		0		0		0		0		0		0		0				0		0.0000		0

				l		eigenvector		product(2)		product(1)				%										From life table																right																A						I																																												right		Cx (w)																																				"Increased matrix"										0																										0.0000		0.0000		0.000										0		0		0		0		0		0		0		0		0		0				0		0.0000		0

				0.0000		0.000		0.000		0.000				0.000		0.000		0.000		2.864		0.000		0.562														l		eigenvector								4.8		5.808		1				4.8		5.76				1		0										l																														l		eigenvector		(%)						Transpose of A																														0		0		0		5.847				0		0.475		0		0																				0.0000		0.0000		0.000										0		0		0		0		0		0		0		0		0		0				0		0.0000		0

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.203														0.0000										0.24		0		0				0.242		0				0		1										0.0000																														0.0000		0.000		0.000																																				0.475		0		0		0				0		0		0.705		0																				0.0000		0.0000		0.000										0		0		0		0		0		0		0		0		0		0				0		0.0000		0

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.109																								0		0.242		0																																																						0.000		0.000						0		0.475		0		0		0		0		0		0		0		0		0		0		0						0		0.705		0		0				0		0		0		0.705																				0.0000		0.0000		0.000										0		0		0		0		0		0		0		0		0		0				0		0.0000		0

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.059																						l				right eig.		Cx (w)				l						A-lI						stable age		right						Identity matrix (I)																														0.000		0.000						0		0		0.705		0		0		0		0		0		0		0		0		0		0						0		0		0.705		0.705				5.847		0		0		0.705																				0.0000		0.0000		0.000										0		0		0		0		0		0		0		0		0		0				0		0.0000		0

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.031																						0		0		0		0.000				0.0000						0		0				0		0																																				0.000		0.000						0		0		0		0.705		0		0		0		0		0		0		0		0		0																																										0.0000		0.0000		0.000										0		0		0		0		0		0		0		0		0		0				0		0.0000		0

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.017																						0		0		0		0.000				0.0000						0		0				0		0				1		0		0		0		0		0		0		0		0		0		0		0		0								0.000		0.000						5.845		0		0		0		0.705		0		0		0		0		0		0		0		0						l								Right eigenvector (stable age distribution)										Left eigenvector (reproductive value distribution)								%		x100		/5.4						0.0000		0.0000		0.000										0		0		0		0		0		0		0		0		0		0				0		0.0000		0

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.009																						0		0		0		0.000																						0		1		0		0		0		0		0		0		0		0		0		0		0								0.000		0.000						5.845		0		0		0		0		0.705		0		0		0		0		0		0		0						0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.00		0.00		0.00						0.0000		0.0000		0.000																																0

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.005																										0				Transpose								l		right eig.		Cx (w)								0		0		1		0		0		0		0		0		0		0		0		0		0								0.000		0.000						5.845		0		0		0		0		0		0.705		0		0		0		0		0		0						0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.00		0.00		0.00						0.0000

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.003																														4.8		0.24		0				0.0000		0		0		0						0		0		0		1		0		0		0		0		0		0		0		0		0								0.000		0.000						5.845		0		0		0		0		0		0		0.705		0		0		0		0		0						0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.00		0.00		0.00

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.001																														5.808		0		0.242						0		0		0						0		0		0		0		1		0		0		0		0		0		0		0		0								0.000		0.000						5.845		0		0		0		0		0		0		0		0.705		0		0		0		0						0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.000		0.00		0.00		0.00

						0.000		0.000		0.000				0.000		0.000		0.000		0.000		0.000		0.001																														1		0		0						0		0		0						0		0		0		0		0		1		0		0		0		0		0		0		0								0.000		0.000						5.845		0		0		0		0		0		0		0		0		0.705		0		0		0																				0.000		0.000		0.000										0.00

						0.000		0.000		0.000				0.000		0.000				0.000		0.000		0.000																																								0										0		0		0		0		0		0		1		0		0		0		0		0		0								0.000		0.000						5.845		0		0		0		0		0		0		0		0		0		0.705		0		0

		Identity matrix (I)				0.000								0.000						0.000		0.000		0.000																Identity matrix (I)																																		0		0		0		0		0		0		0		1		0		0		0		0		0								0.000		0.000						5.845		0		0		0		0		0		0		0		0		0		0		0.705		0

																				0.000																																																						0		0		0		0		0		0		0		0		1		0		0		0		0								0.000		0.000						5.845		0		0		0		0		0		0		0		0		0		0		0		0.705

		1		0		0		0		0		0		0		0		0		0		0		0														1		0		0		0		0		0		0		0		0		0		0		0		0												0		0		0		0		0		0		0		0		0		1		0		0		0						sum		0.000		0.000		0.000				5.845		0		0		0		0		0		0		0		0		0		0		0		0

		0		1		0		0		0		0		0		0		0		0		0		0														0		1		0		0		0		0		0		0		0		0		0		0		0												0		0		0		0		0		0		0		0		0		0		1		0		0

		0		0		1		0		0		0		0		0		0		0		0		0														0		0		1		0		0		0		0		0		0		0		0		0		0												0		0		0		0		0		0		0		0		0		0		0		1		0																		left				Vx (v)		adjusted

		0		0		0		1		0		0		0		0		0		0		0		0														0		0		0		1		0		0		0		0		0		0		0		0		0												0		0		0		0		0		0		0		0		0		0		0		0		1																l		eigenvector		%		(x100)		to 1

		0		0		0		0		1		0		0		0		0		0		0		0														0		0		0		0		1		0		0		0		0		0		0		0		0																																																				0.0000		0.000		0.000		0.00		0.00

		0		0		0		0		0		1		0		0		0		0		0		0														0		0		0		0		0		1		0		0		0		0		0		0		0												A-lI																																										0.000		0.000		0.00		0.00

		0		0		0		0		0		0		1		0		0		0		0		0														0		0		0		0		0		0		1		0		0		0		0		0		0																																								Reproductive value		Vx (v)				right-side								0.000		0.000		0.00		0.00

		0		0		0		0		0		0		0		1		0		0		0		0														0		0		0		0		0		0		0		1		0		0		0		0		0												0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				1								0.000		0.000		0.00		0.00

		0		0		0		0		0		0		0		0		1		0		0		0														0		0		0		0		0		0		0		0		1		0		0		0		0												0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0								0.000		0.000		0.00		0.00

		0		0		0		0		0		0		0		0		0		1		0		0														0		0		0		0		0		0		0		0		0		1		0		0		0												0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0								0.000		0.000		0.00		0.00

		0		0		0		0		0		0		0		0		0		0		1		0														0		0		0		0		0		0		0		0		0		0		1		0		0												0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0								0.000		0.000		0.00		0.00

		0		0		0		0		0		0		0		0		0		0		0		1														0		0		0		0		0		0		0		0		0		0		0		1		0												0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0								0.000		0.000		0.00		0.00

																																						0		0		0		0		0		0		0		0		0		0		0		0		1												0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0								0.000		0.000		0.00		0.00

																																																																										0		0		0		0		0		0		0		0		0		0		0		0		0		x		0.000		0.0000		=		0								0.000		0.000		0.00		0.00

				A-lI																								stable age dist.		%				right-side				A-lI																																				0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0								0.000		0.000		0.00		0.00

																																																																		stable age dist.		Cx (w)				right-side		0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0								0.000		0.000		0.00		0.00

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				1				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				1		0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0								0.000		0.000		0.00		0.00

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0		0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0						sum		0.000		0.000		0.00		0.00

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0		0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0		0		0		0		0		0		0		0		0		0		0		0		0		0				0.000		0.0000				0

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0																														0.000

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000		=		0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0		x		0		0.000		=		0

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0

		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0

																												0		0.000				0				0		0		0		0		0		0		0		0		0		0		0		0		0				0		0.000				0

				right eig																																																														0

																										%

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0		0		0		0		0		0		0		0		0		0		0		0		0.000

		0





bonnethead

								Calculation of elasticity: bonnethead

		Input parameters:

		So=		0.475

		S=		0.705

		tmat=		3

		tmax=		12

		fx=		4.45

		x		lx		mx		lxmx		lxmxx		Lx		Tx		Sx		ex

		0		1.000		0		0.000		0.000		0.738		2.081		2.581		2.081

		1		0.475		0		0.000		0.000		0.405		1.343		1.581		2.828

		2		0.335		0		0.000		0.000		0.285		0.938		1.106		2.802

		3		0.236		4.45		1.051		3.152		0.201		0.653		0.771		2.766

		4		0.166		4.45		0.741		2.963		0.142		0.452		0.535		2.713

		5		0.117		4.45		0.522		2.611		0.100		0.310		0.368		2.640

		6		0.083		4.45		0.368		2.209		0.071		0.210		0.251		2.535

		7		0.058		4.45		0.260		1.817		0.050		0.139		0.168		2.387

		8		0.041		4.45		0.183		1.464		0.035		0.089		0.110		2.176

		9		0.029		4.45		0.129		1.161		0.025		0.054		0.069		1.877

		10		0.020		4.45		0.091		0.909		0.017		0.030		0.040		1.454

		11		0.014		4.45		0.064		0.705		0.012		0.012		0.019		0.853

		12		0.010		4.45		0.045		0.542

								3.453		17.532

		Output parameters

		Ro		G		r		er		tx2

		3.453		5.077		0.244		1.276		2.8

		Calculation of r from Euler's equation

		With initial r=				0.244						After trial values of r ending in convergence:

										r=		0.2723886232		(using SOLVER)

		x		lxmx		e-rx		e-rxlxmx				x		lxmx		e-rx		e-rxlxmx		T

		0		0.000		1.000		0.000				0		0.000		1.000		0.000		0.000

		1		0.000		0.783		0.000				1		0.000		0.762		0.000		0.000

		2		0.000		0.614		0.000				2		0.000		0.580		0.000		0.000

		3		1.051		0.481		0.505				3		1.051		0.442		0.464		1.392

		4		0.741		0.377		0.279				4		0.741		0.336		0.249		0.997

		5		0.522		0.295		0.154				5		0.522		0.256		0.134		0.669

		6		0.368		0.231		0.085				6		0.368		0.195		0.072		0.431

		7		0.260		0.181		0.047				7		0.260		0.149		0.039		0.270

		8		0.183		0.142		0.026				8		0.183		0.113		0.021		0.166

		9		0.129		0.111		0.014				9		0.129		0.086		0.011		0.100

		10		0.091		0.087		0.008				10		0.091		0.066		0.006		0.060

		11		0.064		0.068		0.004				11		0.064		0.050		0.003		0.035

		12		0.045		0.053		0.002				12		0.045		0.038		0.002		0.021

								1.125										1.000		4.139

		x		lxmx		e-rx		e-rxlxmx		erx		lx		Vx		e-rxlx		Cx		Start at 1

		0		0.000		1.000		0.000		1.000		1.000		1.00		1.000		0.562				0.562				1.00		1.00

		1		0.000		0.762		0.000		1.313		0.475		2.76		0.362		0.203		1.000		0.562				2.77		2.76

		2		0.000		0.580		0.000		1.724		0.335		5.15		0.194		0.109		0.537		0.562				5.15		5.15

		3		1.051		0.442		0.464		2.264		0.236		9.59		0.104		0.059		0.288		0.562				9.60		9.59

		4		0.741		0.336		0.249		2.973		0.166		9.57		0.056		0.031		0.155		0.301				9.59		9.58

		5		0.522		0.256		0.134		3.904		0.117		9.54		0.030		0.017		0.083		0.161				9.55		9.54

		6		0.368		0.195		0.072		5.126		0.083		9.49		0.016		0.009		0.045		0.086				9.50		9.49

		7		0.260		0.149		0.039		6.731		0.058		9.38		0.009		0.005		0.024		0.046				9.39		9.38

		8		0.183		0.113		0.021		8.838		0.041		9.18		0.005		0.003		0.013		0.024				9.19		9.18

		9		0.129		0.086		0.011		11.606		0.029		8.81		0.002		0.001		0.007		0.012				8.82		8.81

		10		0.091		0.066		0.006		15.239		0.020		8.12		0.001		0.001		0.004		0.006				8.13		8.12

		11		0.064		0.050		0.003		20.011		0.014		6.84		0.001		0.000		0.002		0.003				6.85		6.84

		12		0.045		0.038		0.002		26.276		0.010		4.45		0.000		0.000		0.001		0.001				4.46		4.45

								0.998								1.780		1.000				2.886

				Matrix A				(fx=lmx)																						Elasticities (eij)

		0		0		0		5.845		5.845		5.845		5.845		5.845		5.845		5.845		5.845		5.845		5.845		0		0		0		0		0		0		0		0		0		0		0		0		0

		0.475		0		0		0		0		0		0		0		0		0		0		0		0		0.0000		0		0		0		0		0		0		0		0		0		0		0		0

		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0		0		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0		0		0		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0		0		0		0		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0		0		0		0		0		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0		0		0		0		0		0		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		0		0		0		0		0		0		0		0		0		0		0		0.705		0		0		0		0		0		0		0		0		0		0		0		0		0		0

				l		<v,c>				Elasticity (by age)

				0.0000		2.886				x		e

										0		0				YOY		0.0000

										1		0.0000				Juvs		0.0000

										2		0				Ads		0.0000

										3		0				Sum		0.0000

										4		0

										5		0

										6		0

										7		0

										8		0

										9		0						Ratio of adult or juvenile survival elasticities to age-0 (or fecundity) elasticity:

										10		0

										11		0						Adult/age-0		Juv/age-0

										12		0						0.00		0.00

										Sum		0.0000

																		Position of inflection point

																		R

																		0.611



Procedure for calculating elasticities:
1) Calculate eigenvalue of matrix with n columns and rows ( n=longevity): fx=p0mx
2) Calculate eigenvectors of matrix with n+1 columns and rows (includes age-0):  fx=lmx
or alternatively from life table.
3) Setup the structure of the matrix in 2) to calculate elasticities
4) Sum elasticities across ages to produce elasticities for the 3 stages
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Biological input values (females and males) used in the stock 
assessment

Parameter(s) Value(s) Reference(s) 
Growth relationships Female / Male / Sexes combined 

 L∞ (cm) 166.23 (2.47)/ 145.03 (1.82) / 159.30 (1.87) SEDAR65-DW-02 
K 0.16 (0.01) / 0.23 (0.02) / 0.17 (0.01) SEDAR65-DW-02 
to (years) -2.59 (0.16) / -1.97 (0.16) / -2.51 (0.13) SEDAR65-DW-02 
Maximum observed age (years) 17.5 / 13.5  SEDAR65-DW-02 
Sample size 269 / 278 / 547 SEDAR65-DW-02 
Length-weight relationships 

  PCL (cm) PCL = 1.92990 + 0.885043*FL  SEDAR65-DW-15 
NTL (cm) NTL = 4.89349 + 1.15734*FL  SEDAR65-DW-15 
STL (cm) STL = 9.00754 + 1.16776*FL  SEDAR65-DW-15 
Wt (kg) Wt = (4.63x10-6)FL3.21575 SEDAR65-DW-15 
Age at 50% maturity 

  Female tmat= 6.69 years SEDAR65-DW-01 

 
a = -12.07 (2.52) b = 1.80 (0.35) 

 Male tmat= 5.34 years SEDAR65-DW-01 

 
a = -9.09 (1.72) b = 1.70 (0.29) 

 Size at 50% maturity 
  Female FLmat= 123.05 cm FL SEDAR65-DW-01 

 
a = -30.09 (4.66) b = 0.24 ( 0.04)  

 Male FLmat= 115.15 cm FL SEDAR65-DW-01 

 
a  =-31.41 (5.34) b = 0.27 (0.04) 

 Reproductive cycle Biennial Castro 1996,  

  
Gelscleichter pers. comm. 

Fecundity 4.09 (SD = 0.13)  pups per brood SEDAR65-DW-01 
Maternal age/fecundity relationship Brood size = -0.04078 + 0.38445*Age  SEDAR65-DW-01 
Maternal size/fecundity relationship Brood size =  -5.82556+0.06857*FL SEDAR65-DW-01 
Gestation 11 months Castro 1996, Ulrich et al. 2007 
Pupping month late May / June Castro 1996, Ulrich et al. 2007,  

  
Frazier pers. comm. 

 



M (instantaneous natural mortality rate) used in the reference case 
(minimum)

Females   Males  
Age M  Age M 

0 0.198  0 0.273 
1 0.198  1 0.237 
2 0.198  2 0.203 
3 0.185  3 0.183 
4 0.171  4 0.170 
5 0.161  5 0.161 
6 0.153  6 0.155 
7 0.147  7 0.150 
8 0.143  8 0.147 
9 0.139  9 0.144 

10 0.136  10 0.142 
11 0.133  11 0.140 
12 0.131  12 0.139 
13 0.130  13 0.138 
14 0.128  14 0.137 
15 0.127  15 0.137 
16 0.126  16 0.136 
17 0.125  17 0.136 
18 0.125  18 0.136 
19 0.124  19 0.136 
20 0.123  20 0.135 
21 0.123  21 0.135 
22 0.123    
23 0.122    
24 0.122    
25 0.122    
26 0.122    
27 0.122    
28 0.121    
29 0.121    
30 0.121    
31 0.121    

     
Average 0.139  Average 0.158 

     
 



M (instantaneous natural mortality rate) used in sensitivity analyses 
(mean)

Females 
 

Males 
Age M 

 
Age M 

0 0.261 
 

0 0.340 
1 0.252 

 
1 0.328 

2 0.247 
 

2 0.322 
3 0.244 

 
3 0.318 

4 0.241 
 

4 0.315 
5 0.239 

 
5 0.314 

6 0.238 
 

6 0.312 
7 0.237 

 
7 0.311 

8 0.236 
 

8 0.311 
9 0.235 

 
9 0.310 

10 0.235 
 

10 0.310 
11 0.234 

 
11 0.309 

12 0.234 
 

12 0.309 
13 0.234 

 
13 0.309 

14 0.233 
 

14 0.309 
15 0.233 

   16 0.233 
   17 0.233 
   18 0.233 
   

     Average 0.239 
 

Average 0.315 
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